Using a tight binding model, we theoretically study the electronic properties of zigzag boroncarbon-nitride (BCN) nanoribbons where the outermost C atoms of zigzag graphene nanoribbons are replaced with B and N atoms. We show that the flat bands and edge states appear at the Fermi level when the number of B and N atoms are equal except the case of six times supercell. To investigate the origin of the edge states in BCN nanoribbons, we consider the semi-infinite graphene sheet with zigzag edge where outermost C atoms are replaced with B and N atoms. We analytically demonstrate the presence of edge states at the zigzag edges and flat bands using a transfer matrix method.
I. INTRODUCTION
Graphene nanoribbons (GNRs) are the stripes of graphene, which were fabricated after cutting graphene sheet by e-beam lithography 1, 2 , solution dispersion and sonication 3 , unzipping carbon nanotubes 4, 5 , and bottom-up process 6 . The electronic and magnetic properties of GNRs were investigated by many authors.
7-12
Especially, the presence of partially flat bands and peculiar edge states in GNR with zigzag edges were predicted. 7, 8 Quite recently, observation of the edge states at the zigzag edges in GNR were reported by Tao et al. 13 The electronic transport properties of GNRs also were measured by many groups and the formation of transport gaps were reposted . [1] [2] [3] [14] [15] [16] [17] [18] [19] Therefore, GNRs attract much interest for both scientific and application point of view, because of their outstanding electronic properties.
On the other hand, hexagonal boron nitride (BN) has a similar lattice structure, but it has wide band gap.
20,21
Since B and N atoms act as donors and acceptors in graphene, the nanoribbons with B and N atoms, i.e., boron-carbon-nitride (BCN) nanoribbons have potential application to electronic devices with tunable electronic and magnetic properties. Since BCN nanotubes were synthesized by many groups, [22] [23] [24] [25] [26] BCN nanoribbons can be fabricated by unzipping of the BCN nanotubes. Synthesis of hybridized BN and graphene sheet using thermal catalytic chemical vapor deposition was reported Ci et al. 27 Quite recently, fabrication of BN and graphene in-plane heterostructure with controllable domain shapes were reported. 28 BCN nanoribbons can also be fabricated by cutting BCN sheets using e-beam lithography.
The electronic and magnetic properties of BCN nanoribbons were investigated by several authors.
29-39
The ferrimagnetic or half-metallic properties of BCN nanoribbons have been reported. [29] [30] [31] [32] [33] [34] 39 Appearance of the so-called nearly free electron states just above the Fermi level due to the giant Stark effect by internal electric field was predicted in zigzag BCN nanoribbons where the outermost C atoms of GNR are uniformly replaced with B and N atoms. 37 For zigzag BCN nanoribbons where B and N atoms are doped around the edges, the flat bands and corresponding edge states were believed to vanish due to different strong modulation of site energies by substitutions.
Previously, Kaneko et al. investigated the electronic and magnetic properties of zigzag BCN nanoribbons where the outermost C atoms are replaced with B and N atoms alternately and showed that the edge states and the flat bands exist at the Fermi level in rich and poor H 2 environment. 38 Such flat bands can be found in BC 2 N nanoribbons with zigzag edges where the atoms are arranged B-C-N-C along the zigzag lines. 39 The distributions of charge and spin densities of the edge states in such BCN nanaoribbons are different from those of conventional edge states in GNRs. 38, 39 In the previous paper, however, the origin of the flat bands and edge states were not discussed in detail. The purpose of present paper is to clarify the origin of edge states and flat bands in such BCN nanoribbons.
In this paper, we theoretically study the flat bands and the edge state in BCN nanoribbons with zigzag edges where outermost C atoms are replaced with B and N atoms by means of a tight binding model. The band structures of BCN nanoribbons are calculated numerically. We show that the edge states at the semi infinite BCN sheet are present when the number of B atoms equals to that of N atoms. We analytically demonstrate the presence of edge states and flat bands. This paper is organized as follows: In Sec. II, the tight binding model is described. The numerical results of the band structures of BCN nanoribbons are presented in Sec. III. In Sec. IV, the edge states are discussed analytically using a transfer matrix method, and the outlines of demonstrations are presented. The cell size dependence on the band structures and disappearance of the flat bands and edge states are discussed in Sec. V. A short summary is given in Sec. VI. In Appendix A, the details of demonstrations are summarized. 
II. TIGHT BINDING MODEL
The Hamiltonian of the system within the tight binding model of π-electrons is given by
where E i is an energy of π electron at the site i, c † i and c i are the creation and annihilation operators of electrons at the lattice site i, respectively, i, j stands for summation over the adjacent atoms and t i,j is the hopping integral of π electrons from jth atom to ith atom. E i are E B , E C and E N , the site energies at the B, C and N sites, respectively. Following to the Yoshioka et al., we shall assume that the hopping integrals are constant regardless of the atoms, i.e., t i,j ≡ t, and E N = −E B . 40 For the numerical calculations, we shall choose E B = t, E C = 0, and E N = −t. 40 We confirmed that the results does not essentially depend on the choice of the site energies.
III. THE BAND STRUCTURES OF BCN NANORIBBONS
In this section, we shall consider the band structure of zigzag BCN nanoribbons where outermost C atoms of GNR are replaced with B and N atoms. Let L be a size of unit cell in the one-dimensional direction and N be a number of zigzag lines in the nanoribbon. First, we consider L = 2 case and the structure of BCN nanoribbons are schematically shown in Fig. 1 (a) . 38 We shall call this nanoribbon as the B ∨ N structure. In this figure, B and N atoms are indicated by the filled and shaded circles, respectively, and C atoms are located at the empty vertices of the hexagons. In Fig. 1 (b) we show the band structure of such the B ∨ N structure nanoribbon with N = 40. We clearly see the partially flat bands at E = 0 in |k| < π/3 region in the wavevector space. 38 Since the partially flat bands of zigzag GNR are present in 2π/3 < |k|, the band structure of B ∨ N structure nanoribbons seemed to be folded from that of GNR.
Next, we shall consider L = 3 case whose structure is schematically shown in Fig. 2 (a) . We shall call this nanoribbon as the B ∨ N ∨ C structure. The band structure of B ∨ N ∨ C structure nanoribbon for N = 40 is presented in Fig. 2 (b) . We observed the flat bands at E = 0 in the whole Brillouin zone. It should be emphasized that we could not obtained the flat bands in the different configurations, such as the B ∨ B ∨ N or B ∨ N ∨ N structures. Since the Brillouin zone is folded into thirds for L = 3, the band structure is also seemed to be folded from that of GNR.
Next, we move onto L = 4 case. Here, we shall consider three different configuration shown in Fig. 3 (a) . In the following, we shall call these nanoribbons as
The band structures of these nanoribbons are presented in Fig. 3 (b) . We observed the partially flat bands |k| < 2π/3. Since the doubly degenerate flat bands exist |k| < 2π/3 and the quadruply degenerate flat bands exist |k| > 2π/3 for GNR with L = 4, the flat bands shown in Fig. 3 (b) are shorter than those in GNR. As discussed later, the length of flat bands seems to be related with the position of the K point of the honeycomb lattice and the X point of L = 1 in the one dimensional Brillouin zone, but such interpretation is not applicable.
Above numerical results suggest that the number of substituted B and N atoms should be equal to obtain the flat bands. In the next section, we shall consider the edge states at semi infinite BCN sheet in order to investigate the origin of the flat bands and edge states. 
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IV. EDGE STATES IN SEMI-INFINITE SHEET A. Transfer matrix
In Ref.
[ 41 ], Wakabayashi et al. investigated the edge states at an alternately beard zigzag edge and a coved edge using a transfer matrix method. Following the Wakabayashi et al, we shall construct the transfer matrix method within the tight binding models to investigate the origin of edge states for arbitrary L. We shall consider semi infinite sheet with zigzag edge schematically shown in Fig. 4 . In the following, energies are measured in the unit of t and length is measured by a 0 , and the sublattices are denoted by uncapitalized characters, a and b. states, Schrödinger equation are given by
and
where η = exp(ik/2L). For the outermost atoms, the amplitudes satisfy the initial conditions
where E l (l = 1, · · · , L) are the site energies at (a, 0, l) sites and take E B , E C and E N . The amplitudes at the a-sublattice sites, ψ (a,0,l) (l = 1, · · · , L), are same as those in conventional zigzag edges. On the other hand,
. Therefore, the amplitudes at b-sublattice sites become finite, while those of the edge states at the conventional zigzag edges vanish identically. The amplitudes at b-sublattice sites play decisive role for the formation of the edge states at the BCN edges as discussed below. Let ψ a,m and ψ b,m be the column vectors of amplitudes at a-and b-sublattice in mth low defined by
. . .
The absolute values of eigenvalues of Ta, λ a,l , as functions of wavevector,
respectively. Then, Eqs. (2) and (3) can be summarized as
where
are the transfer matrices. Note that T b is defined by the inverse matrix. Using T b , the initial condition Eq. (4) can be written as
where E diag is a diagonal matrix with the elements
The mth power of the transfer matrices can be written as
where the eigenvalues of T a and T b are
respectively, and the eigenvectors are
respectively. In Fig. 5 , the absolute values of eigenvalues are plotted as functions of wavevector, k. When the absolute values of eigenvalues of the transfer matrices are larger than unity, these states does not satisfy the boundary condition. The edge states are defined as evanescent states at the edge, i.e., the edge states exist if the absolute values of eigenvalues, λ a,l and λ b,l ′ (l, l ′ = 1, · · · , L), are smaller than unity. Therefore, investigating the behavior of these amplitudes with increasing of m, we can demonstrate the presence of edge states.
The procedure of the demonstration can be summarized as follow: From Fig. 5 (a) , we can determine ψ a,0 . Then, we obtain
Using Eq. 11, we can write
Since this summation includes the eigenvalues, λ b,l ′ , whose absolute values are larger than unity, the state does not satisfy the boundary condition. Therefore, the inner products, ( 
As demonstrated in Appendix A-1, these inner products are proportional to L l=1 E l which vanishes when the number of B and N atoms are equal due to the definition of site energies. Therefore, we have shown that the number of B and N atoms must be equal in order to have the edge states. It should be emphasized that this condition is independent of the atomic arrangement. In the following, we apply these results for L = 2, 3 and 4 cases and investigate the properties of edge states and flat bands.
B. L = 2 case
First, we shall consider L = 2 case. Since |λ a,1 | < 1 for 0 < k < 2π/3 as shown in Fig. 5 (a)-(i) , the amplitude at the outermost sites are given by
Then, the amplitudes at a-sublattice sites in the mth low can be written as ψ a,m = λ m a,1 C a,1 . 38 Using Eq. (A2), we obtain
Since |λ b,1 | > 1 for 0 < k < 2π/3, the inner product,
must vanish identically in order to form the edge states. Then, we obtain E 1 + E 2 = 0, i.e., the B ∨ N structure is allowed to have the edge states. For the the B ∨ N structure, we obtain
Therefore, the amplitude at the b-sublattice in the mth low can be written as
As shown in Fig. 5 (a) 
C. L = 3 case
Next, we shall consider the L = 3 case. Since the procedure of the proof is similar to the case of L = 2, we present the outline of the proof. The details of calculations are summarized in Appendix A-2.
Since |λ a,l | < 1 for l = 1, the amplitude at the asublattice is given by ψ a,m = λ m a,1 C a,1 . Then, the amplitude at the b-sublattice in the mth low is given by Eq. (19) . Since |λ b,2 | > 1 as shown in Fig. 5 (b) -(ii), the inner product (C b,2 , T b E diag C a,1 ) must vanish in order to have the edge states. As presented in Appendix A-2,
Therefore, the number of B atoms and N atoms must be equal, i.e., the B ∨ N ∨ C structure is allowed to have the edge states.
D. L = 4 case
Next, we shall consider the L = 4 case. Here, we also present the online of the demonstration and the detail are summarized in Appendix A-3. From Fig. 5 (a)-(iii) , we can write ψ a,m = λ m a,1 C a,1 for 2π/3 < k < π and ψ a,m = λ m a,2 C a,2 for the whole Brillouin zone. On the
Energy (units of t)
Wavevector k
Wavevector k other hand, |λ b,2 | > 1 for the whole Brillouin zone and |λ b,3 | > 1 for 2π/3 < k < π. Therefore, we have to evaluate the inner product (C b,l ′ , T b E diag C a,l ) for l = 1 and 2, and for l ′ = 2 and 3. As presented in Appendix A-2, we obtain
Therefore, Eqs. (27) and (28) give
and Eqs. (26) and (29) give
It should be noted that the B ∨ N ∨ B ∨ N structure satisfies both Eqs. (30) (26) and (27) simultaneously, ψ a,0 did not have the C a,1 components. Therefore, the amplitudes can be written as ψ a,0 = C a,2 for 0 < k < 2π/3. This gives the flat bands range of k for L = 4 and shows good agreement with the numerical results shown in Fig. 3 (b) . For the B ∨ N ∨ B ∨ N structure, ψ a,0 = C a,1 for 0 < k < 2π/3 and ψ a,0 = C a,2 for the whole Brillouin zone. This result agrees with the numerical results shown in Fig. 1 (b) .
V. DISCUSSION
In the previous section, we have analytically investigated the edge states and flat bands at zigzag BCN edge for L = 2, 3 and 4 cases. We found that the condition "the number of B and N atoms are equal" ensures the disappearance of divergent component at the b-sublattice. However, there are exceptions which we shall discuss in this section.
As shown in Figs. 6 (a)-(i) and (ii), we shall consider BCN nanoribbons with the B ∨ N ∨ C ∨ C ∨ · · · ∨ C and B ∨ C ∨ N ∨ C ∨ · · · ∨ C structures since we confirmed that the length of the flat bands does not depend on the arrangement of the B and N atoms. Figure 6 (b) shows the band structure of BCN nanoribbons for N = 40 with B ∨ N ∨ C ∨ · · · ∨ C structures. As shown in Fig. 6 (b) , we observed the flat bands with the length π/3 for L = 5 and 7, 2π/3 for L = 8 and π for L ≥ 9 nanoribbons. However, the flat bands vanish for L = 6 nanoribbons. The band structure of BCN nanoribbons for N = 40 with B ∨ C ∨ N ∨ C ∨ · · · ∨ C structures is presented in Fig. 6  (c) . As mentioned just above, the length of flat bands is independent of atomic arrangement and the flat bands are absent in BCN nanoribbons for L = 6. For L = 6, we could not observe the flat bands even in the different atomic arrangement except B ∨ N ∨ C ∨ B ∨ N ∨ C and B ∨ N ∨ B ∨ N ∨ B ∨ N. It should be emphasized that the exceptions have smaller unit cells. We confirmed that the flat bands appear independent of the atomic arrangement when the number of B and N atoms are equal for arbitrary L except for L = 6 as demonstrated in the previous section.
Here, we briefly see these effect analytically and the details are summarized in Appendix A-4. As shown in Appendix A-4, flat bands appear when following two equations are satisfied simultaneously:
We find that the B ∨ N ∨ C ∨ B ∨ N ∨ C and B ∨ N ∨ B ∨ N ∨ B ∨ N structures satisfy these equation, while the B ∨ N ∨ C ∨ C ∨ C ∨ C and B ∨ C ∨ N ∨ C ∨ C ∨ C structures do not satisfy. Therefore, the flat bands are absent for these two exceptiocal L = 6 BCN nanoribbons.
Finally, we shall discuss the relation between the length of the flat bands and the special points in the Brillouin zone. For zigzag GNRs, i.e., L = 1 case, the flat bands exist from k = 2π/3 to X point i.e., k = π. At k = 2π/3, a projection of the K and K ′ point in the Brillouin zone honeycomb lattice to one dimensional Brillouin zone is located. We shall denote the position of K point in one dimensional Brillouin zone as K 0 and X point for L = 1 as X 1 . The position of these points in L times unit cell are summarized in Table 1 . As mentioned above, this be-TABLE I. The cell size dependence of the special points of the Brillouin zone. K0 and X1 stand for the K point of honeycomb lattice and the X point for L = 1 nanoribbon, respectively. ∆k is the distance between K0 and X1. L K0 X1 ∆k 2 2π/3 0 2π/3 3 0 π π 4 2π/3 0 2π/3 5 2π/3 π π/3 6 0 0 0 7 2π/3 π π/3 8 2π/3 0 2π/3 9 0 π π havior seems to be related to the position of the X point in L = 1 nanoribbon and the K point in the honeycomb lattice. In this table, ∆k stands for the distance between the K 0 and X 1 points. We found that the calculated results of the length of flat bands accords well with ∆k for L = 2 − 9 structures. However, the flat bands cover the whole Brillouin zone for L > 9 structures, but ∆k oscillates with increasing of L. Therefore, such interpretation is limited only for small L and is not applicable for L > 9 nanoribbons.
VI. SUMMARY
In this paper, we theoretically studied the flat bands and the edge states in zigzag BCN nanoribbons where the outermost C atoms of graphene nanoribbons are replaced with B and N atoms using the tight-biding model. We numerically showed that the flat bands exist at the Fermi level when the number of B and N atoms are equal independent of the atomic arrangement except for the six times supercell. To investigate the edge states in BCN nanoribbons, we analyzed the edge states at the semiinfinite graphene sheet with zigzag edge where the outermost C atoms are replaced with B and N atoms based on the transfer matrix method for the arbitrary cell size. Then, we analytically demonstrated that the edge states appear when the numerically obtained condition is satisfied. For this demonstration, the amplitudes at the sublattice sites which do not belong to the outermost sublattice play decisive role. The charge distributions of corresponding edge states are different from those in the conventional edge states. The length of the flat bands seems to be related with the distance of the special point of Brillouin zone, but such interpretation is limited to small cell size regime.
Arbitrary L case
Here, we shall present the detail of calculation for arbitrary L. Since, the transfer matrix of b-sublattice is given by
we obtain
As we discussed above, we need to examine the in-
Then, the inner product can be written as
(A5) For odd L case, the eigenvectors are given by
with α = e πi/L . Then, the inner product can be written as
Therefore, these inner products are proportional to the sum of site energies, L l=1 E l . This quantity vanishes when the number of B and N atoms are equal.
L = 3 case
Next, we shall consider the case L = 3. As shown in Fig. 5 (a)-(ii) , |λ a,1 | ≤ 1 but |λ a,2 |, |λ a,3 | ≥ 1 in the whole Brillouin zone. Therefore, we obtain
with ω = e 2πi/3 begin a cubic root of unity, and
For the b-sublattice of 0th low, on the other hand, Eq. (4) gives
(A11) Then, the amplitudes at the b-sublattice sites of mth low can be written as
As shown in Fig. 5 (b) -(ii), since |λ b,2 | > 1 in the whole Brillouin zone, the inner product,
must vanish to have the edge states at the BCN edges. Therefore, the edge states appear when E 1 +E 2 +E 3 = 0. In order to satisfy this relation, the number of B atoms and N atoms must be equal. It should be emphasized that the disappearance of C b,2 term plays decisive role in this case. We confirmed that the C b,2 do not disappear for the other configurations such as B ∨ B ∨ N or B ∨ N ∨ N, resulting in the vanishing of the flat bands and edge states as discussed above.
For B ∨ N ∨ C structure, i.e., (A14) Due to |λ b,1 | ≤ 1 and |λ b,3 | ≤ 1, the flat bands exist in the whole Brillouin zone. This result agrees well with the numerical band structure as shown in Fig. 2 (b) .
L = 4 case
Next, we move to the L = 4 case. As shown in Fig. 5  (a)-(iii) , |λ a,1 | < 1 in 2π/3 < k ≤ π and |λ a,2 | < 1 in the whole Brillouin zone. Therefore, there are two possibility for the amplitudes at the outermost a-sublattice, i.e., 
For ψ a,0 = C a,1 , we obtain
and (C b,3 , T b E diag C a,1 ) = (iη 7 − η 5 − iη 3 + η)(E 1 + E 2 + E 3 + E 4 ) 4(e ik − 1)
.
(A18)
For ψ a,0 = C a,2 , we obtain (C b,2 , T b E diag C a,2 ) = (η 7 + η 5 + η 3 + η)(E 1 + E 2 + E 3 + E 4 ) 4(e ik − 1)
Therefore, these conditions are summarized to two equations. i.e., E 1 +E 2 +E 3 +E 4 = 0, and E 1 −E 3 = E 2 −E 4 = 0. For the B ∨ N ∨ C ∨ C, B ∨ C ∨ N ∨ C and B ∨ B ∨ N ∨ N structures, the former is satisfied, but the latter is not satisfied. To determine the length of the flat bands, however, we need to care about the wavevector, k. The B ∨ N ∨ C ∨ C, B ∨ C ∨ N ∨ C and B ∨ B ∨ N ∨ N structures do not satisfy Eqs. (A17) and (A18) because they have the same k region of flat bands. Therefore, ψ a,0 is not allowed to have the C a,1 component. On the other hand, the C a,2 component is allowed with 0 < k < 2π/3 region due to a prohibiting of flat bands in 2π/3 < k < π region by Eq. (A20). Therefore, the flat bands exist for 0 < k < 2π/3 for these cases, showing good agreement with the numerical results shown in Fig. 3 (b) . The corresponding amplitudes in the M th low are given by
